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Abstract. Let R be an associative ring with identity, C(R) denote the center of
R, and g(x) be a polynomial in the polynomial ring C(R)[x]. R is called strongly
g(x)-clean if every element r ∈ R can be written as r = s+u with g(s) = 0, u a unit
of R, and su = us. The relation between strongly g(x)-clean rings and strongly clean
rings is determined, some general properties of strongly g(x)-clean rings are given,
and strongly g(x)-clean rings generated by units are discussed.
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1. Introduction
Let R be an associative ring with the group of units U(R). R is called clean if for
every element r ∈ R, r = e + u with e2 = e ∈ R and u ∈ U(R) [10] and R is called
strongly clean if in addition, eu = ue [11].
Let C(R) denote the center of a ring R and g(x) be a polynomial in C(R)[x]. Camillo
and Simo´n [2] say R is g(x)-clean if for every element r ∈ R, r = s+u with g(s) = 0 and
u ∈ U(R). If V is a countable dimensional vector space over a division ring D, Camillo
and Simo´n proved that End(DV ) is g(x)-clean if g(x) has two distinct roots in C(D) [2].
Nicholson and Zhou generalized Camillo and Simo´n’s result by proving that End(RM)
is g(x)-clean if RM is a semisimple R-module and g(x) ∈ (x − a)(x − b)C(R)[x] where
a, b ∈ C(R) and b, b− a ∈ U(R) [12]. [5, 14] completely determined the relation between
clean rings and g(x)-clean rings independently. What is the relation between strongly
clean rings and g(x)-clean rings?
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In this paper, we continue this topic. In Section 2, we define strongly g(x)-clean rings
and determine the relation between strongly g(x)-clean rings and strongly clean rings; in
Section 3, some general properties of strongly g(x)-clean rings are given; and in Section
4, some classes of strongly g(x)-clean rings generated by units are discussed.
Throughout the paper, Tn(R) denotes the upper triangular matrix ring of order n
over R, N denotes the set of all positive integers, and Z represents the ring of integers.
2. strongly g(x)-clean rings vs strongly clean rings
Definition 2.1. Let g(x) ∈ C(R)[x] be a fixed polynomial. An element r ∈ R is strongly
g(x)-clean if r = s+ u with g(s) = 0, u ∈ U(R), and su = us. R is strongly g(x)-clean if
every element of R is strongly g(x)-clean.
Strongly clean rings are exactly strongly (x2 − x)-clean rings. However, there are
strongly g(x)-clean rings which are not strongly clean and vice versa:
Let Z(p) = {
m
n
∈ Q : gcd(p, n) = 1 and p prime } be the localization of Z at the prime
ideal pZ and C3 be the cyclic group of order 3.
Example 2.2. Let R be a commutative local or commutative semiperfect ring with 2 ∈
U(R). By the proof of [14, Theorem 2.7], RC3 is strongly (x
6 − 1)-clean. In particular,
Z(7)C3 is a strongly (x
6 − 1)-clean ring. Furthermore, by [5, Example 2.2], Z(7)C3 is
strongly (x4 − x)-clean. However, Z(7)C3 is not strongly clean [7, Example 1].
Example 2.3. Let R = Z(p) and g(x) = (x− a)(x
2 + 1) ∈ C(R)[x]. Then R is strongly
clean but by a easy verification we know R is not strongly g(x)-clean. Let R be a boolean
ring with more than two elements with c 6= 0, 1. Then R is strongly clean but R is not
strongly g(x) = (x+ 1)(x+ c)-clean by [5, Example 2.3].
However, for some type of polynomials, strong cleanness and strong g(x)-cleanness are
equivalent.
Theorem 2.4. Let R be a ring and g(x) ∈ (x−a)(x−b)C(R)[x] with a, b ∈ C(R). Then
the following hold:
(1) R is strongly (x− a)(x− b)-clean if and only if R is strongly clean and (b− a) ∈
U(R).
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(2) If R is strongly clean and (b − a) ∈ U(R), then R is strongly g(x)-clean.
Proof. (1). “⇐”. Let r ∈ R. Since R is strongly clean and (b − a) ∈ U(R), r−a
b−a
= e + u
where e2 = e ∈ R, u ∈ U(R), and eu = ue. Thus, r = [e(b − a) + a] + u(b − a) where
u(b − a) ∈ U(R), [e(b − a) + a − a][e(b − a) + a − b] = 0, and [e(b − a) + a]u(b − a) =
u(b− a)[e(b− a) + a]. Hence, R is strongly (x− a)(x − b)-clean.
“⇒”. Since a is strongly (x − a)(x − b)-clean, there exist u ∈ U(R) and s ∈ R such
that a = s + u with (s − a)(s − b) = 0 and su = us. Hence, s = b. So (b − a) ∈ U(R).
Let r ∈ R. Since R is strongly (x − a)(x − b)-clean, r(b − a) + a = s + u where
(s − a)(s − b) = 0, u ∈ U(R), and su = us. Thus, r = s−a
b−a
+ u
b−a
where u
b−a
∈ U(R),
( s−a
b−a
)2 = (s−a)(s−b+b−a)(b−a)2 =
(s−a)(b−a)
(b−a)2 =
s−a
b−a
, and s−a
b−a
· u
b−a
= u
b−a
· s−a
b−a
. So R is strongly
clean.
(2). By (1). 
Corollary 2.5. For a ring R, R is strongly clean if and only if R is strongly (x2 + x)-
clean.
Proof. It follows from Theorem 2.4 by letting a = 0 and b = −1. 
Remark 2.6. The equivalence of strong (x2+x)-cleanness and strong cleanness is a ring
property since it holds for a ring R but it may fail for a single element. For example,
1 + 1 = 2 ∈ Z is strongly clean but 2 is not strongly (x2 + x)-clean in Z.
Example 2.7. Let C(X) denote the ring of all real-valued continuous functions from a
topological space X to the real number field R and C∗(X) denote the subring of C(X)
consisting of all bounded functions in C(X). If X is strongly zero-dimensional, then
C(X) and C∗(X) are strongly (x2 − nx)-clean rings for any n ∈ N since C(X) and
C∗(X) are strongly clean [1, 9] and n is invertible in C(X) and C∗(X). If X is a P -
space, then Mk(C(X)) is strongly (x
2−nx)-clean for any n, k ∈ N because Mk(C(X)) is
strongly clean by [6].
3. general properties of strongly g(x)-clean rings
Let R and S be rings and θ : C(R)→ C(S) be a ring homomorphism with θ(1) = 1.
For g(x) = Σaix
i ∈ C(R)[x], let θ
′
(g(x)) := Σθ(ai)x
i ∈ C(S)[x]. Then θ induces a
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map θ
′
from C(R)[x] to C(S)[x]. If g(x) is a polynomial with coefficients in Z, then
θ
′
(g(x)) = g(x).
Proposition 3.1. Let θ : R → S be a ring epimorphism. If R is strongly g(x)-clean,
then S is strongly θ
′
(g(x))-clean.
Proof. Let g(x) = a0 + a1x + · · · + anx
n ∈ C(R)[x]. Then θ
′
(g(x)) = θ(a0) + θ(a1)x +
· · ·+ θ(an)x
n ∈ C(S)[x]. For any s ∈ S, there exists r ∈ R such that θ(r) = s. Since R
is strongly g(x)-clean, there exist t ∈ R and u ∈ U(R) such that r = t+ u with g(t) = 0
and tu = ut. Then s = θ(r) = θ(t) + θ(u) with θ(u) ∈ U(S), θ
′
(g(x))|x=θ(t) = 0, and
θ(t)θ(u) = θ(u)θ(t). So S is strongly θ
′
(g(x))-clean. 
Corollary 3.2. If R is g(x)-clean, then for any ideal I of R, R/I is g(x)-clean with
g(x) ∈ C(R/I)[x].
Corollary 3.3. Let R be a ring, g(x) ∈ C(R)[x], and 1 < n ∈ N. If Tn(R) is strongly
g(x)-clean, then R is strongly g(x)-clean.
Proof. Let A = (aij) ∈ Tn(R) with aij = 0 and 1 ≤ j < i ≤ n. Note that θ : Tn(R)→ R
with θ(A) = a11 is a ring epimorphism. 
Corollary 3.4. Let R be a ring and g(x) ∈ C(R)[x]. If the formal power series ring
R[[t]] is strongly g(x)-clean, then R is strongly g(x)-clean.
Proof. This is because θ : R[[t]] → R with θ(f) = a0 is a ring epimorphism where
f =
∑
i≥0 ait
i ∈ R[[t]]. 
Proposition 3.5. Let g(x) ∈ Z[x] and {Ri}i∈I be a family of rings. Then
∏
i∈I Ri is
strongly g(x)-clean if and only if Ri is strongly g(x)-clean for each i ∈ I.
Proof. It is clear by the definition and Proposition 3.1. 
For strongly clean rings, the author in [3, 4, 13] proved that if R is a strongly clean
ring and e2 = e ∈ R, then the corner ring eRe is strongly clean. For strongly g(x)-clean
rings, we have the following result:
Theorem 3.6. Let R be a strongly (x − a)(x − b)-clean ring with a, b ∈ C(R). Then
for any e2 = e ∈ R, eRe is strongly (x − ea)(x − eb)-clean. In particular, if g(x) ∈
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(x − ea)(x − eb)C(R)[x] and R is strongly (x − a)(x − b)-clean with a, b ∈ C(R), then
eRe is strongly g(x) -clean.
Proof. By Theorem 2.4, R is strongly (x − a)(x − b)-clean if and only if R is strongly
clean and b− a ∈ U(R). If R is strongly clean, then eRe is strongly clean by [13]. Again
by Theorem 2.4, eRe is strongly (x− ea)(x− eb)-clean. 
However, generally, strongly g(x)-clean property is not a Morita invariant: When
g(x) = (x − a)(x − b) where a, b ∈ C(R) with b − a ∈ U(R), the matrix ring over the
local ring Z(p) is not strongly clean [3] (hence, not strongly g(x)-clean).
4. strongly g(x)-clean rings vs rings generated by units and roots of 1
For any n ∈ N, Un(R) denotes the set of elements of R which can be written as
a sum of no more than n units of R [8]. A ring R is called generated by its units if
R =
⋃∞
n=1 Un(R). We use strong g(x)-cleanness to characterize some rings in which
every element can be written as the sum of unit and a root of 1 which commute.
Theorem 4.1. Let R be a ring and n ∈ N. Then the following are equivalent:
(1) R is strongly (x2 − 2nx)-clean.
(2) R is strongly (x2 − 1)-clean.
(3) R is strongly clean and 2 ∈ U(R).
(4) R = U2(R) and for any a ∈ R, a can be expressed as a = u + v with some
u, v ∈ U(R), uv = vu, and v2 = 1.
Proof. (1) ⇒ (3). To prove 2 ∈ U(R). Suppose 2 /∈ U(R), then R = R/(2nR) 6= 0. Let
2n = s + u with s2 − 2ns = 0, u ∈ U(R), and su = us. 0 = 2n = s + u implies that
s = −u ∈ U(R). But s2 = s2 = 2ns = 0, a contradiction. So 2 ∈ U(R). Let a = 0 and
b = 2n. Then by (1) of Theorem 2.4, R is strongly clean.
(3)⇒ (1). By (1) of Theorem 2.4, R is strongly (x2 − 2nx)-clean.
(3) ⇒ (4). Let a ∈ R. By “(1) ⇔ (3)”, let n = 1. Then 1 − a = s + u where
s2 = 2s, u ∈ U(R), and su = us. Then a = (−u) + (1− s) with −u ∈ U(R), (1− s)2 = 1,
and (−u)(1− s) = (1− s)(−u).
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(4) ⇒ (3). Let a ∈ R. By (4), 1 − a = u + v where u ∈ U(R), v2 = 1, and uv = vu.
Thus, a = (−u) + (1 − v) with −u ∈ U(R), (1 − v)2 = 2(1 − v), and (−u)(1 − v) =
(1− v)(−u). By “(1)⇔ (3)” and n = 1, we proved that (4) implies (3).
(2)⇒ (4). If R is strongly (x2 − 1)-clean, then for any r ∈ R, there exist v, u ∈ U(R)
such that r = v + u with v2 = 1 and uv = vu.
(4)⇒ (2). Let a ∈ R. Then a can be expressed as a = u+ v with u, v ∈ U(R), v2 = 1,
and uv = vu. So v is the root of x2 − 1. Hence, R is strongly (x2 − 1)-clean. 
Example 4.2. Rings in Example 2.7 are strongly (x2 − nx)-clean. In particular, they
are strongly (x2 − 2nx)-clean rings in which every element can be written as the sum of
a unit and a square root of 1 which commute.
Example 4.3. Let F be a field and V be a vector space over F of infinite dimension,
and let R be the subring of E = EndF (V ) generated by the identity and the finite rank
transformations. Then R is strongly clean [13, Example 7]. In fact, E is locally Artinian.
So the matrix ring Mk(E) is strongly (x
2 − nx)-clean with charF 6 |n. If charF 6= 2, then
every element in the matrix ring can be written as the sum of a unit and a square root
of 1 which commute.
Example 4.4. Let A = F [x1, x2, · · · ] be the polynomial ring in a countably infinite
set of indeterminates (x1, x2, · · · ) over a field F , and let I = (x
k1
1 , x
k2
2 , x
k3
3 , ...) with
ki > 0. Then R = A/I is a local ring of dimension 0 which is not Noetherian. But R
is locally Artinian. So the matrix ring Mk(R) is strongly (x
2 − nx)-clean with charF 6 |n.
If charF 6= 2, then every element in the matrix ring can be written as the sum of a unit
and a square root of 1 which commute.
Proposition 4.5. Let R be a ring with c, d ∈ C(R) and d ∈ U(R). If R is strongly
(x2 + cx + d)-clean, then R = U2(R). In particular, if R is strongly (x
2 + x + 1)-clean,
then R = U2(R) is strongly (x
4 − x)-clean with every element is the sum of a unit and a
cubic root of 1 which commute with each other.
Proof. The first statement is clear. Let r ∈ R. Then r = s + u with u ∈ U(R),
s2+s+1 = 0, and su = us. So s4−s = 0. Thus, R is strongly (x4−x)-clean. Moreover,
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ever element in strongly (x2 + x + 1)-clean ring R can be written as the sum of a unit
and a cubic root of 1 which commute with each other. 
Lemma 4.6. [5] Let a ∈ R. The following are equivalent for n ∈ N:
(1) a = a(ua)n for some u ∈ U(R).
(2) a = ve for some en+1 = e and some v ∈ U(R).
(3) a = fw for some fn+1 = f and some w ∈ U(R).
Proposition 4.7. Let R be an strongly (xn − x)-clean ring where n ≥ 2 and a ∈ R.
Then either (i) a = u + v where u ∈ U(R), vn−1 = 1, and uv = vu or (ii) both aR and
Ra contain non-trivial idempotents.
Proof. Since R is strongly (xn − x)-clean, a = s + u with u ∈ U(R), sn = s, and
su = us. Then sn−1a = sn−1u + s. So (1 − sn−1)a = (1 − sn−1)u. Since 1 − sn−1 is
an idempotent, by Lemma 4.6, (1 − sn−1)u = vg where v ∈ U(R) and g2 = g ∈ R. So
g = v−1(1 − sn−1)a ∈ Ra. Suppose (i) does not hold, then 1 − sn−1 6= 0, this implies
g 6= 0. Thus, Ra contains a non-trivial idempotent. Similarly, aR contains a non-trivial
idempotent. 
Finally, we give a property which has nothing to do with rings generated by units but
it relates to strongly (xn − x)-clean rings.
Proposition 4.8. Let R be a ring and n ∈ N. Then R is strongly (ax2n − bx)-clean if
and only if R is strongly (ax2n + bx)-clean.
Proof. “⇒ ”. Suppose R is strongly (ax2n − bx)-clean. Then for any r ∈ R, −r = s+ u,
as2n−bs = 0, u ∈ U(R), and su = us. So r = (−s)+(−u) where (−u) ∈ U(R), a(−s)2n+
b(−s) = 0, and (−s)(−u) = (−u)(−s). Hence, r is strongly (ax2n+bx)-clean. Therefore,
R is strongly (ax2n + bx)-clean.
“⇐ ”. Suppose R is strongly (ax2n + bx)-clean. Let r ∈ R. Then there exist s and u
such that −r = s+u, as2n+ bs = 0, u ∈ U(R), and su = us. So r = (−s)+(−u) satisfies
a(−s)2n − b(−s) = 0,−u ∈ U(R), and (−s)(−u) = (−u)(−s). Hence, R is strongly
(ax2n − bx)-clean. 
For 2n+1 ∈ N, we do not know if the strong (x2n+1 − x)-cleanness of R is equivalent
to the strong (x2n+1 + x)-cleanness of R.
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